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This paper presents a method for the detection of gross errors in wellbore directional survey data.
The method is general, and is applicable for both magnetic and gyroscopic surveys. However, this
study will only examine magnetic surveys. The method is based on statistical tests and can be ap-
plied both in the single station estimation case or in connection with multi-survey processing tech-
niques. 

In contrast to other methods for error detection commonly used in the petroleum industry, which
compare the measured gravity field strength, magnetic field strength and dip angle with values pre-
dicted from independent sources, this test is capable of detecting gross errors in any single sensor
reading or reference component. By rejecting the corrupted measurements only, the new method
brings an improvement to the quality of inclination and magnetic azimuth estimates. 

The validity of such tests is shown to be dependent on several factors: Wellbore geometry, noise level
in the measurements, estimation techniques, statistical significance and power. Based on synthetic
data this is demonstrated by several examples to address two issues: 

1. What is the critical error value, for each particular measurement, that may pass the test? 

2. How much do potential undetected outliers affect the inclination and azimuth estimates? 

These methods can detect errors that are 4 to 5 times greater than the nominal measurement noise
levels. They are shown to be sharpest in connection with multi-survey processing techniques. 
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1 Introduction
An accurate determination of the wellbore
position is necessary in order to hit the
planned targets and avoid collision or inter-
ference with existing wellbores. Wellbore po-

sitioning is performed by directional survey-
ing tools which are run while drilling or on
wirelines after drilling. The survey instru-
ments commonly used in directional survey-
ing consist of different sensors such as accel-
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erometers, fluxgate magnetometers and me-
chanical gyroscopes. Measurements provid-
ed by the sensors are used to estimate the in-
clination, high side toolface and the azimuth.
The inclination and high side toolface de-
scribe the orientation of the coordinate sys-
tem of the survey tool with respect to the
gravity field vector. The azimuth is used as
the north reference. See Appendix A.1 for de-
tails. 

A magnetic surveying tool consists of
three accelerometers and three magnetome-
ters which are used to measure orthogonal
components of the local Earth's gravity and
magnetic field vectors. The measurements
are subject to errors which may be large or
small. These are commonly divided into
three classes such as systematic errors, ran-
dom errors and gross errors (also called out-
liers). Gross errors, which seem to occur
rather frequently in wellbore directional sur-
veys, may produce erroneous results if they
are not identified and removed. The cause of
gross errors might be human blunders, soft-
ware failures, sensor imperfections and envi-
ronmental disturbances such as drillstring
vibrations and large fluctuations in the
Earth's magnetic field. 

There are a number of different quality
control procedures in the petroleum indus-
try. One of these compares the measured
gravity field strength, the magnetic field
strength and dip angle with values predicted
from independent sources [1]. If the devia-
tions between the measured and predicted
references exceed a specified acceptance lim-
it, all measurements are rejected. The accel-
erometer and magnetometer readings are
tested independently of each other. 

A common way to check the measurements
for potential outliers in linear regression
analyses is to perform statistical testing of the
residuals. Such tests originate from the theo-
ries of mathematical statistics. It will now be
shown how they can be used in magnetic sur-
vey quality control applications. 

The standard formulas (see Appendix A.1)
used in the petroleum industry express the
direct relation between equally weighted
sensor readings and the inclination, toolface
and azimuth estimates, which is a solution to

a nonlinear least squares problem. These
equations process the measurements on a
single survey station basis. Since the meas-
urements are to be weighted differently and
in order to account for the reference compo-
nent uncertainties, the standard formulas
are not useful in connection with the outlier
detection procedures presented here. Instead
the estimation is based on the method of
Gauss-Newton, which has become a stand-
ard for geodetic and photogrammetric sur-
veying applications. This approach will also
be used to estimate the parameters on a mul-
ti-station basis and in connection with the
single station axial magnetic correction tech-
nique (see Appendix A.1). The tests present-
ed in this paper are capable of detecting
gross errors in any single sensor reading and
reference components. This is a great advan-
tage since we then only reject the corrupted
measurements and use the remaining ones
to estimate the unknowns. The applicability
of the error tests is demonstrated by reliabil-
ity analysis. We use the minimum errors
that can be detected with a given probability
as a measure of this reliability. In geodetic
and photogrammetric surveying this quanti-
ty is known as the internal reliability. It is
further demonstrated how much these mar-
ginally detectable errors affect the inclina-
tion and azimuth estimates. This is known
as the external reliability. 

Most attention in this paper is on the de-
tection of errors in single sensor readings. In
this case potential outliers are modelled as
unknown measurement biases. The proce-
dure about how to detect systematic errors is
also discussed. Systematic errors must also
be seen as outliers as they constitute a com-
mon model misspecification for a group of
measurements. An underlying assumption is
that the conditions affecting the measure-
ments do not vary significantly. 

2 Statistical tests for 
the detection of outliers
2.1 General tests for outliers
First, we consider the linear regression mod-
el E(y) = Xβ, which in its augmented form
reads: 
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(1)

where y is a vector of n observations, β is a
vector of u unknown fixed parameters, X is
an n ×u design matrix, Z is the n ×r coeffi-
cient matrix corresponding to the r addition-
al unknown model parameters ∇, Qee is a
known observation error cofactor matrix and
σ2 is the variance of unit weight which is
usually unknown. The errors e are in this
context assumed to be normally distributed,
?e ~ N(0, Σee). In wellbore positioning, the
unknown additional parameters ∇ might
represent sensor specific error terms such as
scale factor, bias and sensor misalignment or
unknown biases in individual measurements
or groups of measurements. β may represent
the angular components inclination I, tool-
face τ, and magnetic azimuth Am. These are
often referred to as angular components. β
and ∇ are estimated using a least squares
adjustment approach. The following theories
are from the linear algebra. However, if the
observation equations are nonlinear, the es-
timation in the model (1) is based on linear
approximations about initial values for the
unknowns. 

The test for the detection of outliers will be
based on the following hypothesis:

(2)

where H0 is the null hypothesis that no mod-
el misspecification is present and HA the al-
ternative hypothesis that model misspecifi-
cation ∇ is present. H0 is rejected if the test
statistic of the hypothesis exceeds a specified
critical value of the current probability dis-
tribution, and otherwise accepted. 

The outlier tests are performed as likeli-
hood ratio tests by expressing the actual test
statistic T of the above hypothesis as a func-
tion of the quadratic forms Ω and ΩA of the
residuals, computed under H0 and HA re-
spectively. Ω can be considered as the con-
strained residual sum of squares, since it is

computed under the condition that the model
errors ∇ are equal to zero. 

It can be shown that, after specifying Z, all
computations concerning these tests can be
performed under H0. The estimator  for the
model error ∇ can be expressed as: 

(3)

where ê0 is the H0 residual vector and is

the H0 residual cofactor matrix. The subind-
ex 0 to indicate H0 is omitted from now on. 

Under the normality assumption of the
measurement errors e and if σ2 is known, the
likelihood ratio test statistic T for the hy-
pothesis of Equation (2) can be expressed as
(see [3]):

(4)

where  and . This
test statistic is central chi-squared distribut-
ed under H0, , see [3]. 

If σ2 is unknown, the test statistic of the
hypothesis in Equation (2) becomes (see [2]):

(5)

which under H0 is central Fisher distributed,
T~ ?F(r,n-u-r). R is the difference between

 and . The τ2 test
statistic can also be used to test the hypoth-
esis in Equation (2), see [2]. This test statis-
tic is based on the constrained residual sum
of squares Ω computed under H0. It is de-
fined as:

(6)

The difference R may in this case be written as:

(7)
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The relation between the τ-distribution and
the Fisher-distribution follows from Equa-
tion (6). The one-dimensional version of τ de-
fines the distribution of the standardized re-
sidual, see Equation (15), and will therefore
be useful for the detection of errors in single
sensor readings. The application of the τ-test
is straightforward and easy to implement in
software. 

2.2 Statistical tests for 
outliers in single measurements
We now turn to the one-dimensional version
of the likelihood ratio test. By opposing H0
against HA the hypothesis for the outlier test
of a particular measurement is formulated as:

(8)

where the vector ci is given by:

(9)

and where “1” represents the specific obser-
vation to be tested. 
The estimate of the model error ∇i of ob-
servation yi now becomes:

(10)

Two different situations are considered in
the following: σ2 known or σ2 unknown. 

2.2.1 σ2 known
If the variance of unit weight σ2 is known a
priori, the one-dimensional version of the
test statistic of Equation (4) is used (see [3]):

(11)

which is normally distributed:

(12)

and where the non-centrality parameter λ is
given by:

 (13)

The nominator of Equation (11) is called the
transformed residual vector. The denomina-
tor is its standard deviation.

(14)

where  is the critical value and α the sig-

nificance level. Rejection of H0 implies that
observation yi is corrupted by an outlier. 

2.2.2 σ2 unknown
If σ2 is unknown the one dimensional version
of the test statistic defined in Equation (6) is
used (see also [2]):

 (15)

where  is the weight matrix of the ob-
servations.

(16)

(17)

where  denotes the variance of unit
weight under the alternative hypothesis HA. 
The relation between the τ and Student's t-
distribution follows from Equation (6):

(18)

If Qee is diagonal, the test statistic in Equa-
tion (15) becomes , commonly known
as Pope's test statistic [4]. 
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2.2.3 The error detection procedure in 
practice
An outlier test should be applied to all meas-
urements yn in the data set, not only a single
measurement yi. If H0 expresses that no out-
liers are present in the measurements, the
significance level of the individual tests αi
can be approximated by α /n [2] in order to
keep the type I error1 probability equal to
the significance level α of the test H0. Be-
cause αi tends towards zero when n increas-
es, a lower limit must be set to make the test
applicable if n is large. 

The procedure of screening all measure-
ments successively is known as data snoop-
ing. Provided that only one gross error is
present in the measurements, the corrupted
measurement will always have the largest
test statistic. However, it may be that more
than one measurement is corrupted. The
measurement with the largest test statistic
is rejected first. Because an outlier in one
measurement may be masked by an outlier
in another measurement, it is a common
practice to re-run the adjustment without
the rejected measurement. Having done this,
it may be that a second outlier this time will
have enough effect on its test statistic. If this
is the case, the previously rejected measure-
ment may not have been corrupted. The cor-
rect strategy, as a final check, would then be
to replace the first suspected measurement
and repeat the adjustment once again. If at
this time the first measurement has enough
effect on its test statistic, both measure-
ments must be considered corrupted. This
procedure, which is called iterative data
snooping, works well in practice if there are
few outliers in the dataset. 

3 Reliability
We now turn to the concept of reliability
which is divided into internal and external
reliability. A measure of the internal reliabil-
ity is the minimum error that is possible to
detect by the test for outliers, while external
reliability expresses how strongly these po-
tential errors affect the estimated parame-
ters. 

3.1 Internal reliability
For a test with significance level αi, there is
for each particular measurement yi a mini-
mum error value ∇0 which can be detected
with probability β 2. Consider the test statis-
tic defined in Equation (11). The minimum
detectable error ∇0 in measurement yi is
found by solving (13) with respect to ∇:

(19)

The non-centrality parameter λ must be set
according to the selected probability levels α
and β for the actual test. 

If the measurements are uncorrelated this
expression simplifies to:

(20)

where σi is the a priori standard deviation of
the measurement yi and rii is the correspond-
ing redundancy number, i.e. the i'th diagonal
element in the redundancy matrix R: 

(21)

A redundancy number rii expresses how
strongly the true error ei is reflected in the
corresponding residual êi. The trace of R
equals the overall redundancy n-u (trace(R)
= n-u) and is a global measure of reliability.

The measurement errors e are assumed to
be uncorrelated from now on. In this case the
redundancy numbers r vary between 0 and
1. As can be seen from Equation (20), obser-
vations with redundancy numbers close to
zero can hardly be discovered by residual
analysis since this causes ∇0 to become large.
Only a minor part of the outliers are detected
in the residuals.

In geodetic and photogrammetric survey-
ing applications, inspection of redundancy
numbers can be used in the pre-analysis to
discover portions of weak geometry and de-
cide whether additional observations might
be required. In wellbore directional survey-
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ing, this decision must be made in real time,
since it is not possible to predict the tool face
angle. If the orientation of the survey instru-
ment provides weak geometry, a correct ac-
tion would be to perform a new survey. Both
sets of measurements can then be used to im-
prove the reliability. 

Observations with small contributions to
the redundancy (i.e. small rii) represent lev-
erage points [2]. In linear regression analy-
sis, a leverage point can be regarded as a
data point that lies far away from the major-
ity of the rest of the data points. Because

, outliers in leverage points in-
duce large biases in the estimates. When fit-
ting a straight line through the data by the
least squares method, an error in the lever-
age point will have a considerable effect on
the tilt of the fitted line. 

An example is when surveying a wellbore
close to the horizontal east-west direction. In
such attitudes the redundancy r of the along
hole measurement bz tend towards zero,
meaning that possible outliers have to be
very large to be detected. An estimated bias

 will tend to become very uncertain and
the residual of the measurement êbz will tend
to become very small. An axial error ebz
mainly affects the azimuth estimate in such
directions. However, errors in the cross-axial
measurements will have minor influence,
since the corresponding redundancy num-
bers tend towards one. (See Appendix A for
definition of coordinate systems.) 

It is demonstrated in Figure 1 how an axi-
al accelerometer bias ∇gz of 5 Gal affects the
x- and z-axis residuals êx,êz at different incli-
nations. The effects on the inclination esti-
mates are also shown. The wellbore is sur-
veyed with a toolface of 45 degrees and the
transverse measurements gx, gy are without
any errors. The Earth's gravity field G is set
to 980 Gal. Only the least squares residuals
êx and êz are sketched, and not êy, since it is
equal to êx. The figure shows that a residual
êz absorbs a greater portion of ∇gz in vertical
positions than horizontally. The error ∇gz
may influence êx even more than êz in the
nearly horizontal parts. However, the error
has no effect on êz and êx when the wellbore
is exactly horizontal, the residuals are zero.
Errors in the axial accelerometer measure-

ments gz affect the inclination estimates
most in horizontal attitudes. 

Attention should be paid when visually scan-
ning residual plots for possible outliers. As
demonstrated above, it may be that the ob-
servation with the smallest residual has the
largest error.

3.2 External reliability
A measure of the external reliability is how
strongly the minimum detectable errors ∇0
affect the estimated parameters. An external
reliability vector, each of dimension u (the
number of elements in β) is generated for
each observation. An overall measure may be
the largest effect caused by ∇0, which is not
necessarily due to the observation with the
largest ∇0. 

An alternative approach is to define the
external reliability tolerance, the maximum
bias in the estimated parameters that is ac-
ceptable, and eliminate only those observa-
tions that cause the external reliability to be
greater than the specified tolerance. An ex-
ample of this approach is given in Section
5.2. 

4 Measurement properties 
and estimation approaches
4.1 Sensor readings
The measurements from a specific sensor are
corrected for various temperature and pres-
sure dependent calibration parameters prior
to the inclination, toolface and azimuth cal-

iii yˆê −= βx

bz∇̂

Figure 1: Left axis: The residuals êx and êz
caused by ∇gz (5 Gal). Right axis: Correspon-
ding inclination errors. 
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culations. Such parameters are mainly bias,
linear scale factor ν and sensor misalign-
ment α, and partly second order effects.
Since these are random variables, random
biases will remain in the measurements. The
Industry Steering Committee on Wellbore
Survey Accuracy (ISCWSA) has developed
error models for magnetic directional sur-
veys, which now have become an industry
standard. These error models consider the
combined effects of the residual errors,
which can be shown to be modeled by a bias η
and scale factor error ν, see [5]. 

Theoretically, the residual errors for a sen-
sor reading ξ = [η ν]T with uncertainties ση
and σν will be constant as long as the same
sensor is in use. In addition, errors of envi-
ronmental disturbances and sensor imper-
fections are present. For the specific sensor
reading, these errors are lumped into a com-
mon error term e, which is also assumed to
be random. The error properties of the sensor
readings obtained from consecutive survey
stations can then be based on the following
assumptions: 

– The elements in ξ are normally distribut-
ed, ξ~N(0, Σξξ), mutually uncorrelated and
totally correlated between consecutive
measurements. 

– The errors e are normally distributed with
equal variances along the wellbore,

.
– ξ and e are uncorrelated, . 

In addition the error terms are assumed to
be uncorrelated between the sensors. ξ are
often referred to as systematic errors. Note
however that ξ may include all kinds of sen-
sor reading errors, and not necessarily those
of the ISCWSA standard, but for instance er-
ror terms estimated in the calibration proc-
ess. 

The variance σe
2 should represent the av-

erage noise level in real survey data, if it is to
be used in tests for the detection of outliers. 

4.2 The Earth's reference components
Outliers in the reference components can
also be detected if they are treated as meas-
urements. Different sources can be used to
predict their values. 

The Earth's gravity field strength can be
predicted using the international gravity for-
mula. After corrections for local anomalies,
the gravity can be predicted at any depth.
See for instance [6] for details. 

Reference components related to the
Earth's magnetic field consist of a systematic
term describing variations in the Earth's local
crust and main field, and a random term de-
scribing external effects (temporal field).
Components of the main field are provided by
BGGM (British Geological Survey’s Global
Geomagnetic Model). This model can be im-
proved on by measurement of the local crustal
field, a technique often referred to as In Field
Referencing (IFR). Improved In Field Refer-
encing (IIFR) provides further improvements
by correcting for the temporal field. 

Statoil has developed its own accepted un-
certainty levels for the different references.
One such is the Statoil Accepted Enhanced
Reference, which represents the IFR condi-
tions. 

4.3 Estimation approaches
4.3.1 Multi-Station Estimation (MSE)
Multiple surveys from several survey sta-
tions can be used to estimate and account for
systematic error terms on all measurements,
see [7] for details. These techniques will be
referred to as Multi-Station Estimation
(MSE). Such techniques can also be used to
process multiple surveys on the same sta-
tion, for example when performing rotation-
al shots or check shots. The outlier detection
in connection with MSE is either based on
the known variance σ2 or its estimate , see
Section 2.2. Note however that the estima-
tion in the model (1) is based on the known
weight relations P. 

4.3.2 Single Station Estimation (SSE)
Ignoring all covariances, the variance σ2

ii of
an individual measurement yi follows by the
law of variance propagation:

(22)

where  and  are the variances of the bias
and scale residual errors and  the vari-
ance of the uncorrelated errors e. 
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The standard formulas (see Appendix A.1)
are not functions of the Earth's gravity and
magnetic field reference components. How-
ever, the reference errors affect the residuals

.
For example, an error dG in the local grav-

ity G affects the residuals ê according to: 

which means that dêx and dêy increase with
greater inclination while dêz decreases when
approaching the vertical. 

Standard formulas are not considered use-
ful for detecting outliers. Instead, the least
squares estimation in connection with MSE
and SSE is based on the Gauss-Newton
method. It will then be easy to weight the
sensor readings differently, including the
measurements of reference components (G,
B and Θ).

5 Numerical investigations
Finally, the reliability of the outlier tests, in
terms of critical error values and correspond-
ing inclination and azimuth impacts, is dem-
onstrated on magnetic surveys. The error
values are calculated for various measure-
ment categories in connection with MSE and
two different SSE techniques (with and with-
out axial magnetic correction, see Appendix
A.1). The estimation is based on the func-
tional models given in Appendix A.3. 

5.1 Basic assumptions.
The reliability analyses are based on the un-
certainties (standard deviations) in Table 1
(there are some exceptions, see Section 5.2). 

5.1.1 Sensor specific uncertainties
The systematic sensor specific error uncer-
tainties, which are relevant when SSE is ap-
plied, are set in accordance with the ISCW-
SA standard. The axial magnetometer un-
certainty  is the lumped uncertainties of
sensor specific errors (70nT) and axial mag-

netic interference (≈150 nT). See Table 1 for
details.

For all estimation approaches, the effects
of random environmental errors (magnetic
reference errors, drillstring vibrations etc.)
are lumped together with other sources of
random sensor specific errors to create the
uncertainty terms  and  of the acceler-
ometer and magnetometer readings respec-
tively. It has been confirmed by analyses of
magnetic survey data that these error values
reflect reality. 

Sensor reading uncertainties in connec-
tion with the SSE reliability analyses are de-
rived using Equation (22). The first two
terms are in accordance with the ISCWSA
standard. The third term is the white noise
variance. See Table 1 for details.

5.1.2 Reference component uncertainties
The reference components are treated as
measurements throughout the analyses and
are common references for all sensor read-
ings in the MSE case. They will have the
most significant influence when the estima-
tion is carried out on an SSE basis. The mag-
netic field uncertainties σB and σΘ are set
equal to the Statoil Accepted Enhanced Ref-
erence (IFR). The standard deviations σG, σB,
σΘ of systematic reference component errors
are shown in Table 1. The gravity field is giv-
en the worst case uncertainty.

5.1.3 Other relevant information
All the measurements in the analyses are
processed as being uncorrelated (i.e. Σee diag-
onal). Since σ2 is a known parameter, the re-
sults are in accordance with the application
of the test statistic [2]:

(26)

where êi is the residual and  its standard
deviation. This normalized residual is
known from geodetic and photogrammetric
surveying as Baarda's test statistic. It can be
considered as a simplification of the test sta-
tistic wi in Equation (11) if the measurement
errors are known to be correlated. Equation
(20) has been used to calculate the internal
reliability.

)(Êˆ yye −=

dGsinIsinêd x τ−=

dGcosIsinêd y τ−=

IdGcosêd z =

(23)

(24)

(25)

bzησ

geσ beσ

iê
i

i
ê
σ

=δ

iêσ
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When MSE is applied to a large number of
survey stations, the introduction of a few sys-
tematic error terms will not have significant
effects on individual redundancy numbers
rii. As a result, we only consider the random
measurement errors e, see Table 1. 

The test H0, that no outliers are present in
the measurements, is based on the total sig-
nificance level = 0.05 (5%) and the power
β = 0.8 (80%). 

The plots in Figures 3–6 can be interpret-
ed to answer this question: For a given sur-
veying tool attitude (I, τ and Am) and a test
size i, how large must an error ∇ in the meas-
urement yi at least be in order to be detected
with probability β? 

Table 1: Uncertainties (1σ) used in reliability
analysis. Units: Gal. (1 Gal = 0.01m/s2), nT
(nanoTesla). G = 982 Gal, B = 51000 nT. 

5.2 Reliability analysis of the 
accelerometer measurements
The reliability of the along hole accelerome-
ter sensor is investigated for the wellbore in
Figure 1, without introducing magnetometer
measurements. Two estimation approaches
are considered, SSE and MSE. The external
reliability tolerance error is set to 0.1 de-
grees. The final borehole inclination error
might exceed 0.1 degrees when all signifi-
cant error sources are taken into account. 

In addition to the values displayed in Ta-
ble 1, the MSE reliability analysis also in-

volves a second uncertainty level for white
noise of 0.15 Gal (σe = 0.15 Gal). The interval
0.15-0.3 Gal is a reasonable noise level. 

The variances used in the SSE reliability
analysis are derived from Equation (22). The
significance level αi is set to 0.00025, which
should lead to an approximate type I error
probability of 0.05 for a wellbore of 30 survey
stations. 

5.2.1 Example
Consider three accelerometer measurements
y = [ gx gy gz]

T with a priori statistical prop-
erties Σee = σ2I. The functional models of
these measurements are given in Appendix
A.3. After forming the elements of X (which
consist of partial derivatives), the elements
in the covariance matrix of the residuals Σêê
= σ2R become : 

From these expressions it follows that the
absolute values of the correlation coefficients

 = 1, thus the residuals ê
become fully correlated irrespective of the
geometry. As a further example, consider the
measurement gx affected by the error ex of

magnitude ∇. Because R = (1/σ2)êê in this
case, the impacts dêx become:

(33)

Using the expressions in the Equations (27)-
(32), the absolute values for the test statis-
tics δ in Equation (26) become equal for all
three, namely σ-1∇sinIsinτ. Rejection of H0 is

Uncer-
tainties 

(σ) 

SSE MSE 

σG 0.3 Gal 0.3 Gal 

σB 65 nT 65 nT

σΘ 0.12 deg 0.12 deg

σηβ 70 nT 0

σνβ 0.16 % 0 

σηbz 0 

σeb 70 nT 70 nT 

σηg 0.39 Gal 0 

σνg 0.05 % 0

σeg 0.3 Gal 0.3 Gal 

  nT)70( nT)150( 22 +

))(( T1T2 XXXXI −−σ

(27)

(28)

(29)

τσ=σ 2222
ê sinIsin

x

τσ=σ 2222
ê cosIsin

y

Icos222
êz

σ=σ

ττσ=σ cossinIsin22
êê yx

IsinsinIcos2
êê zx

τσ−=σ

IsincosIcos2
êê zy

τσ−=σ

(27)

(28)

(29)

zyzxyx êêêêêê ρ=ρ=ρ

[ ]Têêêê
2
ê2x zxyxx

      1ˆd ∇σ∇σ∇σ
σ

=e
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just an indication of model misspecification
and it is not possible to pinpoint the corrupt-
ed measurement since the redundancy is
one. Theoretically, this situation improves
when the adjustment also includes magne-
tometer measurements, since these also are
inclination and toolface dependent, see Ap-
pendix A.3. 

5.2.3 Results
Both the internal and external reliability for
the axial sensor readings are shown in Figure
2. The upper left plot shows the minimum de-
tectable error ∇0 at different inclinations. Two
of the curves represent ∇0 for the MSE at the
noise levels σe = 0.15 Gal and σe = 0.3 Gal.
SSE provides the poorest reliability. 

The upper right plot shows the corre-
sponding external reliability, expressed as
inclination biases caused by each ∇0. The
lower plot in Figure 2 compares the internal
reliability and the external reliability toler-
ance, the maximum error in the measure-
ment that is acceptable to keep the inclina-
tion bias on that particular station at maxi-
mum 0.1 degrees. According to the breaking
points, represented by the intersections of
the curves, these tests should not be used in
connection with SSE if the inclinations ex-
ceed 35 degrees. When it comes to MSE, the
situation improves considerably, the break-
ing point for the lowest noise level (σe = 0.15
Gal) almost reaches an inclination of 70 de-
grees. 

Figure 2: Upper left plot: Internal reliability, gz. Upper right plot: External reliability, gz. Lo-
wer left plot: Comparison between tolerance error and internal reliability. The tests are not
useful when the inclination passes the breaking point.
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5.3 Reliability analysis of the 
magnetometer measurements
From a theoretical point of view, the combined
adjustment of accelerometer and magnetome-
ter makes it possible to detect outliers in indi-
vidual accelerometer readings. This ability is
dependent on several factors, among them the
weight relations, tool attitude and wellbore
direction. Experience with survey data from
the North Sea imply that the noise levels in
magnetometer measurements must be con-
sidered higher than accelerometer measure-
ments. This is mainly due to the fact that the
Earth's magnetic field is a much more unsta-
ble reference than the Earth's gravity field,
and partly because magnetic sensors are nois-
ier in principle. Because of this, magnetome-
ter measurements do not necessarily make
any large contribution to the inclination esti-
mation or to the detection of errors in acceler-
ometer measurements. The contribution is
also geometry dependent. 

Table 3: Angular components (deg.) and prob-
ability levels. (Θ = 75 deg.)

The combined adjustment involves nine
measurements (sensor readings and refer-
ence components) at each station for the
SSE, while the MSE involves six on average.
Using the approximation αi = (α/2)/n, the in-
dividual significance levels for the two ap-
proaches will hardly differ for longer well-
bores. Cases 1-4 below consider a wellbore
consisting of 30 stations. The test size αi is
set to 0.0001 (0.01%) to make the type I error
probability approximately 0.05 (5%). Using
synthetic measurements, the reliability of
the outlier tests is demonstrated for the fol-
lowing estimation approaches: 

1. Cross-axial magnetometer readings (bx, by),
SSE. 

2. Cross-axial magnetometer readings (bx, by),
SSE with axial magnetic correction. 

3. Cross-axial magnetometer readings (bx, by),
MSE. 

4. Axial magnetometer readings (bz), SSE
and MSE. 

The internal and external reliabilities are il-
lustrated by different contour plots in Fig-
ures 3–6. The external reliabilities are in ab-
solute values. The dip angle Θ is 75 degrees,
an average for the North Sea and Norwegian
Ocean area. The error values are for the x-
axis measurements bx given for varying
magnetic azimuth Am and toolface τ angles
at two different inclinations, I = 30 and I = 70
degrees. The pattern is repeated at 180 de-
grees and can therefore be used to study the
reliability for toolfaces and azimuths up to
360 degrees. For the z-axis measurements bz
the error values are shown for inclinations
up to 90 degrees. See Table 2 for details. 

Figures 3–6 can be used to study the relia-
bility of the y-axis measurements by as well,
simply by shifting the toolface angle 90 de-
grees. 

The reliability analyses are based on the
information in Tables 1 and 2. When other
sources of errors, such as errors in the mag-
netic declination and instrument misalign-
ments in the borehole are taken into consid-
eration, the total azimuth uncertainty might
exceed 1 degree. An external reliability toler-
ance of 1 degree is therefore assumed to be
reasonable. 

5.3.1 Comments on the results
The results are as follows: 

Case 1. Cross-axial magnetometer readings
(bx, by) in ordinary SSE mode. 
The plots on the left side of Figure 3 show
that the minimum detectable error ∇0 tends
towards infinity when the azimuth Am and
the toolface τ is simultaneously close to ei-
ther 0 or 180 degrees (see the areas around
the corners of the plots). The reliability is
poorest for the steepest wellbore (I = 30 de-
grees). The largest difference occurs when τ
and Am both are 90 degrees. The reliability
improves considerably for these attitudes
when the inclination is 70 degrees (see the
lower left plot). 

The lowest values for the ∇0 are approxi-
mately 650 nT for both inclinations (this val-
ue is not shown for the steepest wellbore).

Case αi β I τ Am 

1–3 0.0001 0.8 30 & 70 0-180 0–180 

4 0.0001 0.8 0–180 – 0–180
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The external reliability levels are shown to
the right in Figure 3. It is worth noting that
the azimuth errors tend towards zero along
individual curves, which is where the meas-
urement has no influence on the azimuth es-
timation. It can be seen from the plots that
the azimuth errors are almost six times larg-
er for the steepest wellbore. In general, the
ability to detect outliers on the cross-axial
measurements bx, by improves when ap-
proaching the horizontal. When the inclina-
tion is 70 degrees, a large amount of the azi-
muth errors are smaller than the external
reliability tolerance of 1 degree.

Case 2. Cross-axial magnetometer readings
(bx, by) in SSE mode with axial magnetic cor-
rection. 
The results are given in Figure 4. Since this
estimation approach ignores the axial meas-
urement bz in the azimuth calculation, the
reliability of the cross-axial measurements
bx,by is expected to be poorer than when ap-
plying SSE without axial correction (i.e. ordi-
nary SSE). However, compared to the previ-
ous case (see Figure 3), the error values are
quite similar for the steepest wellbore (I = 30
degrees). When ordinary SSE is applied un-
der this condition, the axial measurements
will have minor influence on the azimuth es-
timation, and thus the two methods produce
similar results (reliability).

In contrast to the ordinary SSE approach,
the overall reliability will not improve for the
SSE with axial correction when approaching
the horizontal. The lower left plot in Figure 4
shows that the reliability becomes poorer for
some attitudes while it improves for others. 

Because azimuth errors greater than the
external reliability tolerance are very likely,
SSE with axial correction generally provides
poor reliability, even for wellbores close to
the horizontal.

Case 3. Cross-axial magnetometer readings
(bx, by) in MSE mode. 
Since this estimation approach can be used
to account for systematic error terms on all
measurements (by the introduction of addi-
tional parameters), only the random errors e
are considered. Because of this, MSE pro-
vides the best reliability. The results show

the same trends as the ordinary SSE reliabil-
ity analysis, except that the error values are
smaller. A comparison shows that the MSE
leads to a 50 % reduction in the error values
for both inclinations (30 and 70 degrees). Ac-
cording to Figure 5, the smallest values for
the minimum detectable errors ∇0 are ap-
proximately 350 nT. 

However, under special conditions the
MSE must be considered to provide a poor re-
liability, especially for steeper wellbores.
When the inclination is 30 degrees, azimuth
errors larger than 1 degree cover the major
part of the external reliability maps. 

Case 4. Axial magnetometer readings (bz) in
SSE and MSE mode. 
Figure 6 shows that the reliability of the ax-
ial sensor is poorest in horizontal east/west
directions. This is in agreement with the
well-known inability to apply axial magnetic
correction algorithms in such directions. Ver-
tical attitudes provide the best reliability for
this sensor. However, bz errors will leave 
totally unharmed in such positions. 

The error tests provide the best reliability
under MSE. The gross errors that might re-
main undetected are almost three times
larger when SSE is applied. 

6 Discussion and Conclusions
The ability to detect outliers in magnetic sur-
vey data, except for the cross-axial acceler-
ometer readings, has been demonstrated by
reliability analyses. The reliability, de-
scribed by the minimum detectable errors
and corresponding inclination and azimuth
impacts, is shown to be strongly dependent
on the actual surveying tool attitude (incli-
nation, toolface and azimuth). However, it
should be considered that reliability also de-
pends on other factors; the actual stochastic
model (Σee), the significance level α, the pow-
er β and the degrees of freedom. 

MSE (Multi-Station Estimation) was
shown to provide the best reliability. In this
case the outlier tests (with a power of 80 %
and a significance level of a few tenth of per-
mille) were capable of detecting errors with
magnitudes 4 to 5 times the nominal noise
level of the sensor readings. As a compari-

mÂ

Nyrnes-Torkildsen-Nahavandchi.fm  Page 12  Friday, April 8, 2005  10:55 AM



Detection of Gross Errors in Wellbore Directional Surveying

KART OG PLAN   2–2005 13

Figure 3: Internal and external reliability bx, SSE.
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Figure 4: Internal and external reliability bx, SSE, axial mag. correction.
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Figure 5: Internal and external reliability bx, MSE.
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Figure 6: Internal and external reliability bz, SSE and MSE.
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son, the error values obtained by SSE (Single
Station Estimation) were at least twice as
large. The reliability generally improved for
the cross-axial magnetometers when ap-
proaching the horizontal, while it tended to
be better in steeper attitudes for the axial
magnetometer. Vertical positions also pro-
vided the best reliability for the axial accel-
erometer readings.

The reliability analyses were based on re-
alistic noise levels. The external reliability
tolerance errors were also used as a measure
of reliability. These error limits were set to
0.1 and 1 degrees for the inclination and azi-
muth estimates respectively. For the MSE,
azimuth errors smaller than the external re-
liability tolerance could represent the major-
ity of possible tool attitudes. The inclination
errors caused by the minimum detectable ax-
ial accelerometer errors had to be as large as
70 degrees to exceed the 0.1 degree limit.

The SSE without axial correction was also
shown to provide fairly good reliability, at
least for attitudes close to the horizontal.
However, this was not the case for SSE with
axial magnetic correction. Azimuth errors
exceeding the 1 degree level were very likely,
even for horizontal positions. 

The SSE also provided poor reliability for
the axial accelerometer readings when the
inclinations were greater than 35 degrees.  

Appendix A: Coordinate 
systems and basic definitions
A.1 Coordinate systems
In wellbore surveying there are three differ-
ent coordinate systems in common use; the
orthogonal right handed instrument-based
xyz system, the orthogonal right-handed lo-
cal Earth-based North/East/Vertical NEV
system and the magnetic reference system.
See [8] for further details. 

The vertical axis of the NEV system coin-
cides with the plumb line and the north axis
points towards true north. The xyz system
has its z-axis aligned along the wellbore axis
(i.e. the instrument collar). 

The connections between xyz and NEV are
given by the azimuth A, the inclination I and
the high side toolface τ, see Figures 7 and 8.
The NEV system is linked to the magnetic

reference system by the magnetic declina-
tion δ and magnetic dip Θ as shown in Figure
7. At a particular point, δ is defined as the
angular difference between the horizontal
component of the Earth's magnetic field vec-
tor and true north. It is by definition positive
when magnetic north lies east of true north,
and negative when magnetic north lies west
of the true north. 

The inclination I is defined as the vertical
angle between the plumb line and the well-
bore axis (z-axis). From the accelerometer
readings (gx, gy, gz) its least squares estima-
tor is commonly calculated by:

(34)

This equation is derived from equally
weighted measurements. In the case of a
two-accelerometer survey tool, the inclina-
tion is calculated using additional informa-
tion about the local gravity field G. 

High side direction is defined as the line of
intersection between the vertical plane con-
taining the z-axis and a plane perpendicular

Figure 7: Definition of azimuth, magnetic azi-
muth, declination and magnetic dip angle.

Figure 8: Definition of instrument xyz coor-
dinate system, high side toolface and incli-
nation.
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to the z-axis. High side toolface τ is defined
as the angular difference between the high
side direction and the y-axis, and is given by:

(35)

The true azimuth A is defined as the clock-
wise angle between the direction of true
north and the horizontal projection of the z-
axis. The magnetometer measurements (bx,
by, bz) are used together with  and  to cal-
culate the magnetic azimuth estimate .
The true azimuth estimate  is commonly
found by: 

(36)

This equation is based on equally weighted
magnetometer measurements and error free
inclination and toolface estimates. Another
approach for the azimuth estimation is ap-
plied if the drill string or the Bottom Hole
Assembly (BHA), which the survey instru-
ment is a part of, generates unacceptably
high axial magnetic interference. This meth-
od ignores the z-axis measurement and uses
information about the Earth's magnetic field
components in the azimuth estimation. 

A.2 Calculation of wellbore position
A commonly used method to calculate the
wellbore position is the minimum curvature.

From the inclination and azimuth estimates,
the relative position difference between the
survey points i-1 and i, in terms of northing
Xi, easting δYi and vertical direction Zi, can
be calculated by (see [8]):

(37)

where Di-Di-1 is the measured length of the
drill string between survey station i and i-?1
and RF the minimum curvature ratio factor
(which for a straight well is 1). For a wellbore
of n survey stations the relative position of
the n'th point relative to the starting point is
given by the sum of all the relative coordi-
nate differences: 

(38)

A.3 Functional models
The functional models are for the accelerom-
eter readings given by (see [8]): 

and for the magnetometer readings: 

where G is the local gravity, B is the strength
of the local Earth's magnetic field, Am the
magnetic azimuth, I the inclination and τ the
high side toolface. Additional model parame-
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ters are not taken into consideration here.
Note that I and τ are common parameters in
all equations. 
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Footnotes:
1 A type I error is the probability of rejecting H0

when it is true. 
2 1-β is the probability of rejecting HA when it is

true and is often referred to as a type II error. 
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